Introduction
In this paper, we study problems of local continuation of real analytic solutions of differential equations in a unified manner and, in particular, prove the following theorems :
THEOREM 0.2. -Let (K,x) be as in the above theorem. Let M. 
be an elliptic system of linear differential equations in a neighborhood of x. Assume that the characteristic variety of M. has codimension > 2 in the fibre of x. Then any (real analytic) solution of M. defined outside K is analytically continued up to x.
We also give a similar theorem to 0.2 for a class of overdetermined systems of linear differential equations including systems which are not elliptic. In section 6, we prove a theorem on removable isolated singularities of the real analytic solutions of higher order partial differential equations with analytic coefficients, without any growth condition (cf. COROLLARY 6.2). This theorem extends the result of [G] for C°°-solutions of differential equations with constant coefficients to those with variable (analytic) coefficients.
As for global continuation of solutions of linear differential equations with constant coefficients, there is much literature : [E] , [M] , [P] , [Ko] , [G] , [Kn5] , and the references cited there. In the case of overdetermined systems of differential equations with analytic coefficients, KAWAI [Kw] has given general results on local continuation of hyperfunction/analytic function solutions. On the other hand, in the case of single differential equations with variable coefficients, KANEKO (cf. survey report [Kni] , [Kn2] ) proved, by a different method, a theorem on local continuation of real analytic solutions with thin singularity; however, his argument holds good only when the singularity of an analytic solution is contained in a hypersurface. The purpose of this paper is to deal with the local continuation problem of solutions of differential equations, with sharp-pointed bulky singularity. It should be noted that our argument is closely related to that of [Kn2, part 3] .
Main Results

1.1.
Notations. -Let M be a real analytic manifold of dimension n > 2, X a complex neighborhood of M, TT : T^X -^ X the cotangent bundle of X. Let Ox denote the sheaf of holomorphic functions on X, AM the sheaf of real analytic functions on M (i.e., AM = OX\M)' Let P = P(x,D) be a differential operator with analytic coefficients on M. We denote by AM 1 ' the sheaf of real analytic solutions to the equation Pu = 0; i.e., AM 1 ' denotes the kernel of the sheaf homomorphism P : [KS2] ). K is said to have a conical singularity at x if x C K and C^{K) is a closed proper cone of T^M or equivalently if, for a choice of local C^-coordinates, there is a closed convex proper cone F of R^ with vertex at x containing K locally.
1.2.
-Let x C M. Let P = P{x,D) be a second order differential operator with analytic coefficients denned in a neighborhood of x and let / = f(z, () denote the principal symbol of P. We assume the following conditions :
(a.l) P is of real principal type :
where d^ denotes the differential along the fibres of TT : T*X -> X.
(a.2) P is not elliptic at x : r'WnTr-^nr^x^x. THEOREM 1. -Let K be a closed ^-convex subset of M, having a conical singularity at x. Let P = P(x,D) 
|} through the observations of loci of singularities of its solutions (cf. also [Kni] , [Kn2] , and [Kn3] ). REMARK 2. -A generalization of THEOREM 1 to higher order differential equations in the case K = {x} is given later in section 6. [SKK, chap. Ill, def. 2.2.7] ; cf. also [Kw, p. 222] REMARK 2. -Let A4 be an overdetermined system of differential equations with constant coefficients on R^. Then any (generalized function) solutions of M. defined outside a compact convex set can be continued on the whole R 71 (cf. [E] , [Ko] , [M] , [P] and the references cited there). Apparently THEOREM 2 and COROLLARY are regarded as corresponding local results in the case of variable coefficients.
REMARK 3.-See [Kw] , theorems 4 and 5, for general results on analytic continuation of the solutions of overdetermined systems of differential equations. Let M. be a system of differential equations. Let X be a closed subset of M. Let {5f; t C R} be a family of (7^-hypersurfaces of M, given by St : y(x) = t^ with dip 7^ 0, such that :
• every St is noncharacteristic for M. (t > 0);
• St H K is compact for every t and is empty for t < 0. Let M.t denote the induced system of M on St. KAWAI [Kw] remarked that, if M.t (t > 0) satisfies microlocal-geometrical conditions (5), (6), (7), and either (13') or (14') of [Kw] , we have an isomorphism
r(M,Hom^(M, AM)) -^r(M\K,nom^(M, AM))'
In this result, imposing good microlocal conditions on A4i (t > 0) is required in the argument. Note in this respect that, only the sharppointed singularity K being treated in THEOREM 2 and in COROLLARY, no conditions are imposed on the induced systems M.t of M-for any sweeping family of hypersurfaces. 2.1. -Let M be a real analytic manifold, X a complex neighborhood ofM.
Let f^ be an open subset of M, and let T^X denote the microsupport of the sheaf CQ (cf. [KS2] , [KS3] ). Let C^\x = phom(C^,Ox} 0 orM[n] (cf. [Sl] , [S2] , [S3] ); C^x is an object of the derived category Dh^-^Vx) of Tr^Pjc-modules on r*X. Recall that C^x^-1^) ^ ^MJTT-^^)? where CM denotes the sheaf of Sato's microfunctions on M.
Let M. be a coherent T>x -module and let BM be the sheaf of Sato's hyperfunctions on M. Then we have the spectral map
where j :
Following SCHAPIRA [Sl] , [S2] , [S3] , for a hyperfunction solution u of M. on ^, we set SS^n) = supp(Q / (^A)); this is a closed conic subset of T^X H Char(A^). We simply denote SS^(u) = SS^X /PXP (^)
for a differential operator P. For u G BMW, we set SS^(n) = SS^^n); this set is contained in T^X and called the boundary analytic wavefront set of u. For u € BMW, with SS{u) denoting the singular spectrum of u over ^, the equality SS(u) = SS^{u) H TT-^^) holds. Let P = P(x,D) be an r\ x TO matrix of differential operators, and set .M =V^/V^P. for all u e ^M(^).
Refer to [Sl] , [S2] , [S3] for the details of the theory of C^x and boundary value problems. See also [Ul] for further study. in CM,P^ forp 6 T^X (cf. section 3.1 for the definition of the sheaves ^z^\x and Cz-\x)' By using a quantized complex contact transformation (cf. the proof of [Sl, prop. 3 .1], this equality is reduced to the following lemma on holomorphic continuation. Refer to the proof of [Ul, prop. 5 .1].
In the same way, claim (2) is also reduced to part (2) of the lemma :
where y = Im z and (^/a)+ = max{^Q;,0}.
(1) There is a neighborhood U' of 0 e C 71 5^c/i ^/la^ every holomor-
The first part of the lemma follows from a local version of the Bochner's tube theorem (cf. [KKK, prop. 3.8.6] 
A Basic Lemma
3.1. -Let M, X be as in section 1.1. Let K be a closed C^-convex subset of M, and let T^X denote the microsupport of the sheaf CK' Let CK\X be the sheaf of microfunctions along T^X\ i.e. CK\X = ^(^hon^Cjc,^)) 0 OTM, with OFM being the orientation sheaf of M (cf. [Sl] , [S3] ).
The following fact is a part of Proposition 11.4.4 of [KS3] . Let Ex denote the sheaf of rings of microdifferential operators on X. Then we have : endowed with a natural ring structure acts on the object ^hom(0jc, Ox) in ^(T*X).
On the other hand, we have a morphism Sx -^ ^hom((?^ Ox) (cf. [KS2, sect. 10 .6]). The composition yields a ring homomorphism
on every open subset U of T*X. Thus Ex acts on the sheaf
for every i G Z. Q 3.2. -Suppose that K has a conical singularity at x. Let (7* be the polar set of C^{K) in T^X ; then C* = r^XnTr-1^) . Let p be an interior point of the cone C* in Tr"^). Let A^ be a coherent ^x-module defined in a neighborhood of p. Set V = supp(A^) H 7^-l (a:). Then we have the basic lemma : 
1) Let u be a section ofExt^{M,CK\x) defined in a neighborhood of p; then supp(iz) is the union of some of the hypersurface components Vi {i.e. dimc(V^p) = n -1) in a neighborhood of p. In particular^ we have : 2) Suppose that (V^p) is an irreducible hypersurface of (7^~l(x)^p). Let u be a section of Exi\ (M.^CK\X) m a neighborhood of p; then
Proof. -Since K is convex and contained in a closed proper cone F with vertex at x for a choice of local coordinates, by the definition of microsupports (cf. [KS2, sect. 3 Let z = (z^,--',Zn) be a local coordinate system of (X, x) with x = (0, • • •, 0), (z; <) the associated coordinates of T*X.
First we prove claim (2) in the case where V is a smooth hypersurface defined by /(^) = 0 for a homogeneous holomorphic function /. We may assume that 9^f(p) ^ 0. Set Y = {z^ = 0} C X and p : T^X -^ T^Y, (Ci^CQ 1-^ C 7 -I 11 ^is case p\yi is a holomorphic isomorphism from (V.p) to (T^Y,p(p) ). Since Y is non characteristic for M. in a neighborhood Ap (C 7^~l(x) ) of p, the division theorem of micro differential operators for microfunctions with holomorphic parameters (cf. [KK] , [KS1] ) gives the isomorphism through (p.Op). Since l-tom^^My" ,C^^y) is a subsheaf of the direct sum of finite number of copies of C^}\y m a neighborhood of p(p), the conclusion follows from the fact that every section of Cs^\ y has the variables ^ = (C2, '",Cn) as holomorphic parameters (cf. [SKK] , [KK] and [KS1] ).
Next consider the general case and let V = Vi U • • -U Vr be the irreducible decomposition of (V^p). Let Wi be an irreducible hypersurface containing Vi for 1 < z < r and set W = Wi U • • • U Wr. We may assume that V, z\ = 0, is non characteristic for W in a neighborhood of p; i.e., p~1 p{p) H W = {p} in a neighborhood of p, with p:T^X^T^Y, (Ci.CQ ^ C'-Then there is a hypersurface E of (r^y,p(p)) such that W^p'^S) is smooth, connected, and dense in Wi for 1 < i < r. We may also supose that W \ /^(S) is smooth. Now let u be a section of ^xt^ (M,C^}\x) defined in a neighborhood ofp; then supp(^) c W. Suppose that W\ (f_ supp(^) (as germs at p), and we shall prove that supp(n) C W^ U • • • U Wr. Since there is a point TOME 121 -1993 -?1 q C TVi \ p'^S) where u = 0, it follows from the result of the smooth hypersurface case that ^|^\p-i(s) = 0-Let
then, Y ^ X being non characteristic for M. at pi, the division theorem of microdinerential operators again gives the isomorphism a?( cf. (3.2) ) for a small neighborhood Ap^ of pi. Since Op^{u\^ ) = 0 outside S, it follows from uniqueness of holomorphic continuation of sections of C^}\y that Op^(u\^ ) = 0 on the whole of p(ApJ; therefore ^|Ap^ = O? i-e., pi ^ supp(n). Since pi is taken arbitrarily, we have supp(n) C W^ U • • • U Wr. Repeating this argument, we find that supp(n) is the union of some Wi's. This proves claim (1). Q
, and there is a canonical morphism (cf. [Sl] , [S3] )
Outside T^X^ the morphism 6 is an isomorphism.
REMARK. -By the proof of LEMMA 3.1, CK\X lsm ^Bct an ^-module Hence C<^\x, with ^ = M \ K, is an object of D b {S^). By this fact, for any <^c-module /^, we have
since E^ is flat over Ex-4. Proof of theorem 1 4.1. -Since, for a choice of CMocal coordinates, K is convex and contained in a convex proper cone r with vertex at x^ the injectivity of (1.1) at x follows from uniqueness of analytic continuation.
We shall prove the surjectivity of (1.1) at x. In virtue of uniqueness of continuation, we may suppose
with Co > 0, where \x'\ denotes the Euclidean norm. Set 0 = M \ K, M+ = {o-i > 0}, N = {x-i = 0}, XQ = (0,..., 0). We may assume that N is non characteristic for P, because P is non degenerate at x.
Let Ke={{x^x / )^M\x^<-€\x f \}, ^,=M\K, (0 < e < eo).
Let z = (^i, 2/) be the complexification of the coordinates (a-i, x') oflâ nd let (^,C) be the associated coordinates of T^C 71 .
4-2. -Let P = P(x,D) be a second order differential operator satisfying conditions (a.l) and (a.2). Denote by / = /(^;C) the principal symbol of P.
Let u be a real analytic solution to the equation Pu = 0 denned on f2. We shall first prove
SS^(u^)nT^Xn7r-\xo)cT^X
for some e (0 < e < 60).
Let p e T^X H Tr-^o) \ T^X with f(p) = 0. Let b(p) denote the bicharacteristic curve of P (i.e., the integral curve of the Hamiltonian vector field Hf on T^X) passing through p.
Let us take n linearly independent vectors ai,..., a^ of R 71 satisfying the following conditions for 0 < e <C 60 :
• Qik = (aki,a^) with dki > |^|/eo, for 1 < k < n;
• (a/,, d^/(p)) 7^ 0 for 1 < k < n; where, for a C IR 72 , (a, a;) denotes the linear function defined by the inner product. Set^ = {x e M | (a/,, rr) > 0}, 1 < A; < n.
Then f^ C Ui^A^n ^ c ^ an(^ ^(^) ls transversal to each boundary of f^. Since the micro-analyticity of u propagates from f^ up to p along the curve 6(p), we have p ^ SS^+(-u) for 1 < k < n. Hence it follows from PROPOSITIONS 2.1 and 2.2 that p ^ SS^(nj^). Hence u can be continued analytically in a neighborhood of the origin by solving the Cauchy problem for P with the analytic data ^{u} by CauchyKowalewski Theorem. This completes the proof of the surjectivity of (1.1). 2.2) ). This completes the proof of THEOREM 2. TOME 121 -1993 -?1 6. Removable isolated singularities of real analytic solutions 6.1. -Let M be a real analytic manifold of dimension n ^ 2, and let XQ G M. Let P = P(x,D) be a differential operator with analytic coefficients defined on M, f = f(z^) the principal symbol of P. Set V = [q C T*X | f(q) = 0}. For p G V, we say that p is a simple point of V if the germ (V,p) is given by g == 0 for a holomorphic function g on T*X with d^g -^ 0, where d^ is the differential along the fibres of TT : T*X -^ X. Let V = V H Tr-^o); then V is an algebraic variety of C^. We impose the following conditions on P :
-Letting
L+=/- l (o)n^^xn7^- l (.ro) ={(Cl,C / )^C n |/
Proof of theorem
Then every Vj has a real simple point pj of V; i.e., there is a point pj of Vj D T^X which is a simple point of V. REMARK 1. -COROLLARY 6.2 is a generalization of THEOREM 1 to higher order differential equations in the case K = {xo}. REMARK 2. -Cf. [Kn2, cor. 22 ] for a similar result in the case where V is irreducible, where a few more conditions are imposed on V in addition to (d.2) . Note that Theorem 17 of [Kn2] is also a special case of COROLLARY 6.2. See also [G] and [Kn5] for similar results for differential equations with constant coefficients. is exact (by the definition ofC^*|x)' 6.2.3. -Let HI be the section of <$i on T*X defined by n (cf. (2.1)). From 6.2.1 and condition (d.2), every Vj has a point pj (^ T^X) where u\ = 0. Let ^(^i) be the global section of S'2 defined by 6 : <Si -^ Sf rom HI; then 6(u^} = 0 at pj. By LEMMA 3.2 (2) for K = {xo}, we have 6(u-i) = 0 on Vj \ T, where T denotes the singular locus of V. Therefore the support of 6(u^} is contained in T. Since dimc(T, q) < n-1 at any point q e T, by LEMMA 3.2 (1), we have ^(ui) = 0 at q. Thus 6(u^) = 0 on T*X.
Let go denote the point {xo',0) ofT*X. By exact sequence (6.1), there is a germ UQ of So at qo such that p(^o) = u^. Since pgo : <?o,go -^ ^1,90 coincides with the restriction map (6.2) r(<7, BM^ --r(£7 \ {o;o}, BMŵ ith ^7 being a neighborhood of XQ, where BM^^ denote the sheaf of hyperfunction solutions of Pu = 0 on M, UQ gives an extention of u on a neighborhood of XQ as a hyperfunction solution of Pu = 0.
